' "'* The analysis 1n this paper 1s concerned with the p1ezov1scous-r1g1d regime of lubrication for the general case of elliptical contacts. In this regime several formulas of the lubricant film thickness have been proposed by Hamrock and Dowson, by Dowson et al., and more recently by Houpert. However, either they do not Include the load parameter W, which has a strong effect on film thickness, or they overestimate the film thickness by using the Barus formula for pressure-viscosity characteristics. In the current study the Roelands formula has been used for the pressure-viscosity relationship. The effects of the dimenslonless load, speed, and materials parameters, the radius £ ratio, and the lubricant entrapment direction have been Investigated. The LU dimenslonless load parameter was varied over a range of one order of magnitude.
Contour plots Indicate 1n detail the pressure developed between the contacting solids. (Hamrock and Dowson, 1981) depending on the magnitude of these effects and on their Importance. The .regimes can be described as (1) 1sov1scous-r1gid, (2) p1ezov1scous-r1gid,
1sov1scous-elast1c, and (4) plezovlscous-elastlc.
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The hydrodynamlc lubrication (1soy1scous-r1g1d) theory was first applied to nonconformal contacts by Martin (1916) by KapHza (1955) . However, applying the half-Sommerfeld boundary condition used 1n KapHza's analysis violated flow continuity at the cavltatlon boundary. Brewe et al. (1979) obtained a film thickness equation for the lubrication of fully flooded, rigid, 1sov1scous point contacts through a numerical analysis that used a more realistic Reynolds boundary condition for the film rupture 1n the exit region. He found that the minimum film thickness had the same speed, viscosity, and load dependence as 1n Kapltza's classical solution. However, the Incorporation of the Reynolds boundary condition resulted 1n an additional geometry effect.
In the p1ezov1scous-r1g1d regime of lubrication the pressure within the contact Is sufficiently high to Increase the fluid viscosity significantly within the contact while the deformation of the surfaces remains an Insignificant part of the fluid film thickness. This form of lubrication 1s encountered on roller end-guide flanges, 1n contacts 1n moderately loaded cylindrical tapered rollers, and between some piston rings and cylinder liners.
In the p1ezov1scous-r1g1d regime of lubrication Marko and Clegg (1979) proposed a formula obtained by means of curve fitting Dowson and Whltaker's (1965) results for line contacts. For point contacts Hamrock and Dowson 4 (1978) proposed as an Interim measure that Blok's (1952) solution for line contacts be adjusted by applying the same "side-leakage factor" as that derived for the p1ezov1scous-elast1c condition. Oowson et al. (1983) That formula tends to give higher values of viscosity than the results obtained from Roelands formula (Jones et al., 1975) . Furthermore Dalmaz's (1979) results for the 1sov1scous case produced a lower exponent on W/U than did Brewe et al. (1979) . This appears to be due to starvation effects entering Meuleman et al. (1985) , shows the differences between the Barus formula, the Roelands formula, and the experimental data of Hirst and Moore (1979) . It 1s apparent that the Roelands formula represents the experimental result for the pressure-viscosity relationship more accurately than the Barus formula at high pressures. Therefore the Roelands formula 1s used 1n this study. The researchers 1n the past used the Barus formula and neglected the lubricant compressibility to obtain straightforward numerical analysis of the resulting linear partial differential equation. The numerical analysis employed 1n this study 1s more complicated because the resulting partial differential equation 1s now nonlinear.
In the current study the numerical solution for the p1ezov1scous-r1g1d lubrication regime 1s presented for the full spectrum of conditions. The
Influence of lubricant entrapment direction has also been studied. Eq. 2 becomes / u3 " \ . , a jph 9p i a ax\ n ax / ay By letting Eq. (3) can be described 1n the dimenslonless form as
Equation (4) 1s the Reynolds equation for which the dimenslonless pressure P will be determined. However, before proceeding, the dimenslonless density P O , the dimenslonless viscosity n Q , and the dimenslonless film thickness H will have to be expressed.
Pressure-Viscosity Formula
It 1s generally known that the viscosity of a lubricant 1s a function of temperature and pressure. A generally accepted relationship that describes the pressure-viscosity dependency 1s the Barus equation 
The temperature effect 1s normally accounted for 1n n nPressure-Density Formula
The variation of density with pressure 1s roughly linear at low pressures, but the rate of Increase falls away at high pressures. From Dowson and H1gg1nson (1966) It 1s assumed that convex surfaces exhibit positive curvature, and concave surfaces negative curvature. Therefore, 1f the center of curvature lies within the solid, the radius of curvature 1s positive; 1f the center of curvature lies outside the solid, the radius 1s negative.
The film thickness between two rigid bodies 1n point contact can be written as .
The separation of two rigid solids ( (1) The Reynolds boundary condition 1s applied 1n the divergent film.
Namely, P = dP/dX = dP/dY = 0 at the cav1tat1on boundary. (2) The pressure on the boundaries of the computation region 1s assumed to be zero. The fully flooded conjunction 1s considered 1n the present study (I.e., Increasing the computation region of the conjunction does not affect the results).
NUMERICAL ANALYSIS
Having defined the density, viscosity, and film thickness, we are 1n a position to solve the Reynolds equation subjected to the Reynolds cavltatlon boundary condition. The dlmenslonless pressure P 1s notorious for Us steep gradient, which 1s not welcome when performing numerical analysis via relaxation methods. To produce a more gentle curve, a parameter <p 1s
Introduced where
This substitution also has the advantage of eliminating all terms containing derivatives of products of H and P or H and <p. Substituting Eq. (14) .Into Eq. (4), we obtain
3Y (15) The method of frozen coefficients (sometimes also referred to as Kacanov's method (Fuclk et al. (1975) The normal applied load can be evaluated by
•^ -T he double Simpson's Integration technique 1s applied to the Integration.
RESULTS

D1mens1onless Grouping
From the variables of the numerical analysis the following dlmenslonless groupings are written:
(1) Dlmenslonless film thickness
where u = y u x +-u .
x y (4) Dlmenslonless materials parameter 6-E'/P 1v?as . (20) where p. 1s the asymptotic, 1sov1scous pressure gradient obtained from Roelands (1966) (5) Radius ratio
(6) Lubricant entraining angle
The dlmenslonless film thickness can thus be written as a function of the other five parameters:
The most Important practical aspects of hydrodynamlc lubrication of nonconformal contacts 1s the determination of the minimum film thickness within the contact. Therefore 1n the fully flooded results to be presented the dlmenslonless parameters (W, U, a, 6, and e) will be varied, and the effect on the minimum film thickness will be studied. Note that 1n Eqs. (17) to (21), by changing the normal applied load w, the dlmenslonless load W 1s
changed, but the other dlmenslonless parameters remain unchanged. Similar statements can be made about changing u 1n the dlmenslonless speed U and R 1n the radius ratio.
Influence of Load
The dlmenslonless parameters U, G, a, and e were kept constant while varying the dlmenslonless minimum film thickness H Q to get the dlmenslonless load capacity W at each different H Q . The values at which the remaining parameters U, 6, a, and e were held constant during the calculations were U = 0. 1 6833x1 O" 1 ] , 6 = 4522, a = 16, and 6=0. Table 1 shows the computed load capacities for 10 values of minimum film thickness. From these 10 pairs of data 1t 1s possible to determine a good empirical relationship between the minimum film thickness H_ and the load capacity W:
By applying a least-squares power fit to the 10 pairs of data [(W. , 
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Values of the dlmenslonless speed parameter U and the corresponding dlmenslonless load capacities as obtained from the numerical computations are presented 1n Table 2 . Since the relationship between the minimum film thickness H. and the load capacity W has been obtained, the relationship between the minimum film thickness and the speed parameter can be written 1n the form
By applying a least-squares fit to the six pairs of data [U., H_ .), The data presented 1n Table 2 are plotted 1n F1g. 4. As was true for the Ioad-versus-f1lm-th1ckhess results, the speed-versus-f1lm-th1ckness results are linear when plotted on a log-log scale.
Influence of Radius Ratio
To study the effect of geometry on minimum film thickness, the dlmenslonless parameters for minimum film thickness H_, speed U, materials 6, and lubricant entrapment direction e were held constant at the following values: the following relationship between the radius ratio and minimum film thickness:
The effect of radius ratio on film thickness for the 22 data points 1s shown 1n
F1g. 5. It 1s most significant that the computed value of A 1s approximately unity since this ensures that the minimum film thickness approaches zero as the radius ratio goes to zero. Contour plots for three radius ratios (I.e., a of 16, 8, and 4) are shown 1n F1g. 6 to demonstrate the Influence of geometry.
Since the Isobars 1n each case are evenly spaced, the pressure gradients can be easily depicted. As the radius ratio Increases, the steeper pressure gradients are predominantly along the rolling direction. This Implies that the amount of side leakage decreases as radius ratio Increases. Figure 7 shows that the geometry effects 1n four regimes of lubrication (I.e., hard EHL (Hamrock and Dowson, 1977) , soft EHL (Hamrock and Dowson, 1978) , p1ezov1scous-r1g1d, and 1sov1scous-r1g1d (Brewe et al., 1979) ), where H , 1s the minimum film thickness for rectangular contacts. It 1s assumed that when a = 150, the rectangular contact limit 1s realized. The ratio H , /H . approaches the limiting value very quickly 1n hard EHL, and m1n m1n,r most slowly 1n the 1sov1scous-r1g1d case.
Influence of Material Properties
A study of the Influence of the dlmenslonless materials parameter G on minimum film thickness has to be approached with caution since 1n practice 1t
Is not possible to change the physical properties of the materials, and hence .the value of G, without Influencing the other dlmenslonless parameters considered earlier. Equations (18) to (20) show that when either the materials of the solids (as expressed 1n E 1 ) or the other lubricants (as expressed 1n n n and p.
) are varied, not only does G change, but so do the U •' 1V f 3 S dlmenslonless speed U and load W parameters. Only the radius ratio, minimum film thickness, and lubricant entrainment direction can be held fixed;
and for all results presented 1n Table 4 nly, 1t can be applied to the cases from e = 16° to e = 30°.
Minimum Film Thickness Formula
The proportionality Eqs. (25), (28), (30), and (34) have established how the minimum film thickness varied with the dlmenslonless load, speed, and materials parameters and radius ratio, respectively. This enables a composite dlmenslonless minimum film thickness formula for a fully flooded, rigid, elliptic-contact solid lubricated by a plezovlscous fluid to be modeled by 17 (35) with 85.6 percent confidence (except for the small value of a) ±8.92 percent of the value from the numerical analysis. Equation (35) (1) The effective elastic modulus E' does not appear 1n the dimensional film thickness equation. This corresponds to a rigid contact; there 1s no effect of elastic properties.
(2) In all cases, 1f the maximum dlmenslonless viscosity was less than 3, the load capacity was no more than 12 percent larger than the load capacity without the plezovlscous effect. This Indicates a very small plezovlscous effect. All the data sets used to generate Eq. (35) had maximum dlmenslonless viscosity larger than 3.
(3) The exponents of d1mens1onless load and dlmenslonless speed 1n the minimum film thickness equation for the p1ezov1scous-r1g1d regime were between those for the p1ezov1scous-elast1c regime and the 1sov1scous-r1g1d regime.
(4) The film thickness formula according to the side-leakage factor proposed by Hamrock and Dowson (1978) 1s
{1 -exp [-0.68(1.03a°' 66 )]}
The more recent formula from the numerical solution by Dowson et al. (1983) 1s (38) Figure 10 compares the minimum film thickness as obtained from Eqs. (37) and (38) with the present result for W = 0.6xlO" 7 or 0.9xlO~7 and a = 8 or 16.
The deviations are large for small values of GU. The deviations resulted because the load parameter W was not Included 1n Eqs. (28) and (29), giving erroneous results when the plezovlscous effects are small (I.e., GU 1s small), and because the Barus formula was used for the pressure-viscosity correlation 1n Eqs. (37) and (38) and caused an overestimate of the minimum film thickness.
(5) The film thickness formula proposed by Houpert (1984) Twenty of the 41 cases used to get the present formula (Eq. (35)) were compared with the formula proposed by Houpert. Table 7 shows the ratio of H (Eq. (39)) to H Q (Eq. (35)). The deviation 1s between 28 and 54 percent.
A possible cause of this difference may be that Houpert's (1984) results Imply an Incompressible fluid and the Barus pressure-viscosity formula.
SUMMARY OF RESULTS
A procedure for the numerical solution of the complete p1ezov1scous-r1g1d regime of lubrication for nonconformal contacts has been demonstrated. In the 3/2 numerical analysis of the Reynolds equation, the parameter <p = PH was
Introduced to help the relaxation process. A variable-mesh nodal structure was used to provide close spacing 1n and around the pressure peak. A more realistic formula 1s used for the pressure-viscosity relationship. Lubricant compressibility was also considered.
By using the procedures outlined 1n the analysis, the effects of the dlmenslonless load W, speed U, and materials G parameters, radius ratio a, and lubricant entraining direction e on minimum film thickness were Investigated. Forty-one cases were used to generate the minimum film thickness 
Abstract
The analysis in this paper is concerned with the piezoviscous-rigid regime of lubrication for the general case of elliptical contacts. In this regime several formulas of the lubricant film thickness have been proposed by Hamrock and Dowson, by Dowson et al., and more recently by Houpert. However, either they do not include the load parameter W, which has a strong effect on film thickness, or they overestimate the film thickness by using the Barus formula for pressure-viscosity characteristics. In the current study the Roelands formula has been used for the pressure-viscosity relationship. The effects of the dimensionless load, speed, and materials parameters, the radius ratio, and the lubricant entrainment direction have been investigated. The dimensionless load parameter was varied over a range of one order of magnitude. The dimensionless speed parameter was varied by 5.6 times the lowest value. Conditions corresponding to the use of solid materials of steel, bronze, and silicon nitride and lubricants of paraffinic and naphthenic mineral oil were considered in obtaining the exponent in the dimensionless materials parameter. The radius ratio was varied from 0.2 to 64 (a configuration approaching a line contact). Forty-one cases were used in obtaining the minimum film thickness formula:
Contour plots indicate in detail the pressure developed between the contacting solids. 
